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Abstract. One of the long term objectives of the dynamical systems approach to PDE’s is to 
reduce them to finite dimensional ODE’s. The first step in this direction is to show the existence 
of a finite dimensional compact set to which all solutions converge eventually, i.e. the existence 
of the global attractor. In this work, we deal with a class of equations t.hat includes, on one 
hand, reaction diffusion equations, and on the other hand, porous media type equations. We 
show that, even under the effect of both non-linearities, these equations can be considered as 
dynamical system. With appropriate smoothness assumptions on the non-linearities, existence 
and finite dimensionality of the compact attractor is obtained. 
1. INTRODUCTION 
In recent years, a variety of dissipative PDE’s are treated as dynamical systems. One of 
the long term objectives of this treatment is to reduce the given infinite dimensional system 
to a finite dimensional ODE and consequently enable the numerical computations to match 
with the actual solutions. The first step in this direction is to prove the existence of a 
compact set to which all solutions converge eventually. Such a set is called the global 
attractor. The next step is to show that the Fractal dimension of this attractor is finite, 
here the basic tools are furnished by CFT theory (see 4 and 10). These steps pave the way 
to the more sophisticated concepts like inertial manifolds. Already, for a general class of 
dissipative PDE’s, the existence of a finite dimensional attractor and the esistence of an 
inertial manifold are proven (see 3 and 10). 
This research deals with a class of equations that includes, on one hand nonlinear reac- 
tion diffusion equations, and on the other hand, porous media type equations or equations 
modelling population dynamics from biology, where the non-linearity appears under time- 
derivative (see 1, 2, 7, 8 and 9). Our aim is to show that even under the effect of both 
non-linearities, these equations can be considered as dynamical systems and then to prove 
the existence of a compact attractor. In the case where both non-linearities are smooth 
enough, we are able to prove that the fractal dimension of the at.tractor is finite. 
Due to the presence of a non-linearity under time-derivative even the esistence and the 
uniqueness of solutions are not immediate. Several methods from nonlinear analysis are 
needed in order to ensure the convergence of the approximate solutions to the actual solu- 
tion. One of the basic ingredients is the a priori L”- estimates that the solutions of these 
approximate equations enjoy. Under some constraints on the time derivative of the weak 
non-linearity, the existence of a compact attractor is obtained. In order to deduce the di- 
mension estimates of the attractor, further conditions on both non-linearities are imposed, 
which in turn implies further regularity on the attractor. The dimension estimate then is 
obtained by the standard CFT theory. 
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2. EXISTENCE AND UNIQUENESS RESULTS 
Let R be an open bounded subset of lR*, for all T > 0, we consider the problem 
S(u) --Aau+g(t,z,u)=O in(O,T)xQ, 
(PT) 
& 
u=O on(O,T)xdf& 
P(u>lr=o = P(uo), 
where uo E L2(Q) and the non-linearities satisfy: 
(fll)_ p is an increasing continuous function from IR into IR, with p(O) = 0, and there exist 
cl, c2 > 0 such that l/?(Z)/ 5 cl/t1 + CZ, for all t E R. 
(Cl), the map (t,z) cr g(t, z,<) is measurable for all < E R and the map < c-r g(t, x,<) is 
continuous for almost every (t, I) E JR x R. Furthermore, there exist cg, q and cg > 0 
such that 
sign(t)g(t,x,E) 2 c~I<J~-~ - c4, P > 2, 
li~~;p Is(t, x,01 _< c5(l~lp” + 11, 
ldC+,OI aMI) a.e in IR+ x 0, 
where a : lFt+ H JR+ is an increasing function, 
(G/3)_ there exists cs > 0, such that for almost every (t,x) E IRf x 0, the map < H g(t,x,[) + 
~/3(t) is increasing. 
Under the above assumptions on g and /?, we have (see 5): 
THEOREM 1. Under assumptions (A), (GI) and (GP), th ere exits a unique solution ‘II E 
Lp(0, T; Lp(S2))rlL2(0, T; HA(R))nL”(rj, T;Loo(Q)) for all 77 > 0 such that p(u) E C([O, TJ;- 
NW) 0/P + l/P’ = 1) which satisfies (PT). 
The uniqueness proof hinges upon the following inequality. If u and fi are two solutions 
of (PT) and if f = -g(t, t, u(t, z)) and f = -g(t, 2, C(2, x)) then for all t > q 2 0, 
J n lP(u(t)) - P(G(t))l dx 5 J R IP(4v)) - P(fi(v))l dx 
t + JJ (f - j) sign(u - 6) dx dr. r) $2 
This inequality is first proven for smooth ,5, f (resp. f) and for all 77 > 0, using the sign 
function as a test function. In order to remove the smoothness assumptions, we pass to 
the limit using the monotonicity of p and the a priori L”- estimates. The uniqueness then 
follows from (1) and Gronwall’s inequality. 
As for the existence, we consider first the case where p and ug are smooth. The existence 
is proven using a fixed point arguement with a truncated function g, then using the LcQ- 
estimates this restriction on g is removed. In order to pass from the smooth problem (P,) 
to the original problem (&), we use results from convex analysis and measure theory in 
addition to some compactness results. Moreover, in the process an Loo-estimate is obtained 
independent of the smoothness, i.e. 
I%n(~)lL-(n) L 49 (2) 
where 11, is the solution of (P,) and c(t) is decreasing as t increases and is independent of 
m. This estimate allows us to p&s to the limit in (&(um)) and in g(t, I, u,). 
Finally, the regularity of p(u) is obtained, using Strauss’ theorem, from classical results 
on uniformly convex spaces and by suitable choices of test functions. 
Some Results On Doubly Nonlinear Parabolic Equations 
3. EXISTENCE OF A COMPACT ATTRACTOR 
Y hen we further assume that: 
(Gz)- ;ii90' z,() exists and for all M > 0, there exists CM such that 
then, the existence of an attractor is guaranteed: 
THEOREM 2. In addition to the assumptions cited in Theorem I, if g satisfies (G2) then 
the semigroup S(t) associated with the initial boundary value problem (Pm) possesses a 
maximal (global) attractor A that is bounded in HA(R) n LQ)(0) and is a compact and 
connected subset of L2(Q). 
The proof of Theorem 2 uses the Loo -estimate that is derived from the problem (P,). 
Otherwise, the use of Uniform Gronwall’s Lemma to exhibit an absorbing set in R;(Q) is 
straightforward. The same results hold for Neuman and periodic boundary conditions. 
4. DIMENSION ESTIMATES 
If we assume that (see 5): 
(G3)- g(f,z,u) = g(u) - f, where f E W ‘l”(R), g E C”(IR) and Q C IRd, for d 5 3 
(&)_ p is of class C3, and p’(t) 2 E > 0, for all t E IR, 
and consider the following problem 
F - Au + g(u) = f in IR+ x R, 
(P2) u = 0 on IR+ x 80, 
P(u)lt=o = P(uo), 
then the attractor enjoys further regularity: 
THEOREM 3. Ifin addition to the assumptions of Theorem 1, (G3) and (/32) are alsosatisfied, 
then there exists a compact attractor A for the solution operator of (P2). Moreover, 
_ A c \lint6(Q) if d = 3, 
_ A c WzlP(n) for all 1 5 p < 00, if d 5 2, 
_ and bounded in those spaces. 
Theorem 3 allows us to linearize the equation (Pz) along any trajectory in the attractor 
and derive a dimension estimate. 
THEOREM 4. Under the assumptions of Theorem 3, the global attractor A has finite FractaJ 
dimension. 
Once the right regularity conditions are obtained, the rest is easy (see 5). 
In conclusion, we would like to remark that the above mentioned results can also be 
obtained for a time discretization of these equations (see 6). 
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